We show that the entropy of entanglement is sensitive to the coherent quantum phase transition between normal and super-radiant regions of a system of a finite number of three-level atoms interacting in a dipolar approximation with a one-mode electromagnetic field. The atoms are treated as semi-distinguishable using different cooperation numbers and representations of SU (3), variables which are relevant to the sensitivity of the entropy with the transition. The results are computed for all three possible configurations (Ξ, Λ and V ) of the three-level atoms. * nahmad@nucleares.unam.mx 1 arXiv:1712.01889v1 [quant-ph]
I. INTRODUCTION
in a dipolar approximation with a one-mode electromagnetic field. Here, using different cooperation numbers and representations of SU(3), we are able to treat the atoms as semidistinguishable. This correlation by itself suggests the existence of quantum phases for a finite number of semi-distinguishable atoms and has a direct relation with the residual entropy of the system, as the number of possible states at zero temperature would be greater than one.
II. THEORETICAL FRAMEWORK A. Modelling Hamiltonian
The Hamiltonian describing the interaction, in a dipolar approximation, between N threelevel identical atoms (same energy levels) and one-mode of an electromagnetic field in an ideal cavity, has the expression ( = 1) [18] H = ω 1 e 11 + ω 2 e 22 + ω 3 e 33 + Ωa configuration (µ 12 = 0) and V configuration (µ 23 = 0) (figure 1). In this work we consider all three of them.
B. Representation theory and cooperation number
The operators J
(1)
z , e 12 , e 23 , e † 12 and e † 23 in Hamiltonian (2) form a basis for the Lie Algebra of SU (3), thus it is natural to think that its representation theory can provide some insights into the understanding of the modelled system. In fact, this basis has a feature that makes it particularly convenient if one also adopts the labelling scheme for the basis states of the irreducible representations (irreps) of SU (n) devised by Gelfand and Tsetlin [29] : these basis states are simultaneous eigenstates of the operators J (1) z and J (2) z , and explicit formulae exist for the matrix elements of e 12 , e 23 , e † 12 and e † 23 . In a nutshell, the labelling scheme for the basis states of a given irrep h = (h 1 , h 2 , h 3 ) of SU (3), called a Gelfand-Tsetlin pattern, is as follows:
where the top row contains the information that specifies the irrep, while the entries of lower rows are subject to the betweenness conditions:
Using these basis states to describe the matter subsystem of our Hamiltonian allows us to have a very simple physical interpretation of the parameters in the Gelfand-Tsetlin pattern:
r is the number of atoms in the first (lowest) energy level, q 1 + q 2 − r is equal to the number of atoms in the second energy level and h 1 + h 2 + h 3 − q 1 − q 2 is equal to the number of atoms in the third (highest) energy level, where h 1 , h 2 and h 3 are subject to the constraint h 1 + h 2 + h 3 = N (the total number of atoms). The cooperation number in this description
Representation theory allows us to decompose the space of states (of the matter subsystem) into a direct sum of subspaces labelled by the parameters h 1 , h 2 and h 3 (the permitted representations for a given N ), each representation may appear more than once in the decomposition, the number of times it appears is called the representation's multiplicity. If we were to consider every possible representation with its own multiplicity, we would be treating the atoms as fully distinguishable, on the other hand, if we just consider the symmetric representation (h 1 = N , h 2 = h 3 = 0), we would be treating the atoms as fully indistinguishable. In this work we consider every possible representation but ignore its multiplicity, leading us to treat the atoms as semi-distinguishable, the cooperation number being what adds some distinguishability to the states. 
and we take the tensor product of these with the usual coherent states for the harmonic oscillator for the field, as our trial states for a variational procedure, where, following the catastrophe formalism, the expectation value of the Hamiltonian with respect to these trial states is minimised in order to find the critical points and the ground state of the system [30] .
As our system is not integrable, and the expression for the expectation value of H is unwieldy, this minimisation is carried out numerically.
C. Entropy of entanglement (S ε )
Entropy of entanglement is defined for a bipartite system as the von Neumann entropy of either of its reduced states, that is, if ρ is the density matrix of a system in a Hilbert space H = H 1 ⊗ H 2 , its entropy of entanglement is defined as
where ρ 1 = T r 2 {ρ} and ρ 2 = T r 1 {ρ}.
Our Hamiltonian (2) models a bipartite system formed by matter and radiation subsystems, which means that the entropy of entanglement can give some insight on the study of the quantum phases; this we analyse below.
D. Fidelity between neighbouring states (F )
Fidelity is a measure of the "distance" between two quantum states; given |φ and |ϕ it is defined as
Across a QPT the ground state of a system suffers a sudden, drastic change, thus it is natural to expect a drop in the fidelity between neighbouring states near the transition.
This drop has been, in fact, already shown to happen [26, 27] . In this work we use the drop in the fidelity between neighbouring coherent states as a characterization of the QPT in the thermodynamic limit.
III. RESULTS
In this work we studied a system, described by the Hamiltonian (2), of four three-level atoms interacting with a one-mode electromagnetic field, thus we had four possible representations (and cooperation numbers) of SU (3), namely h = (4, 0, 0) (the symmetric one), is shown in dark grey. As with the Ξ configuration, it is worth noting that this region gets larger as the cooperation number increases.
The third graphic show a contour plot of the fidelity between neighbouring coherent states. In this, the region where the fidelity drops (F < 0.97 is emphasised although fidelity drops to values near zero) is shown in dark grey. Irregularities appear due to numerical errors in the energy surface's minimisation process near the transition.
Finally, we present the results for atoms in the V configuration in figures 10 to 13, for this region gets larger as the cooperation number increases.
The third graphic show a contour plot of the fidelity between neighbouring coherent states, in this, the region where the fidelity drops (F < 0.97 is emphasised although fidelity drops to values near zero) is shown in dark grey. Irregularities appear due to numerical errors in the energy surface's minimisation process near the transition.
IV. DISCUSSION AND CONCLUSIONS
Figures 2 to 5 show the results obtained for the Ξ configuration, these suggest the existence of at least two quantum phases at zero temperature for all representations and cooperation numbers; these are the so-called normal and collective regions. Although it has been already shown that this configuration has a triple point (i.e. three phases) in the symmetric representation [28] , the discrepancy leads us to conclude that the entropy of entanglement is just sensitive to the transition between normal and super-radiant phases but not between possible transitions within these regions.
In the Λ and V configurations there is evidence of only two phases in the phase space of its ground state at zero temperature, the normal and collective regions, and these are well determined by the entanglement entropy. An interesting pattern present in the three configurations is that of the increase in the sensitivity of the entropy of entanglement as the cooperation number tends to the actual number of atoms. This can be seen by noting that the region where the entropy reaches its highest values gets larger as the cooperation number increases.
It is worthwhile noticing that, while the trial state is a tensor product of coherent states and therefore shows no entanglement between matter and the radiation field, the phase diagrams obtained via these variational states is well displayed by the entropy of entanglement calculated through quantum means. In contrast the latter does not dictate the exact quantum phase transitions for finite N [31] ; they coincide only in the thermodynamic limit.
From the figures presented, and based on the fact that the coherent QPT and the "real" QPT coincide in the thermodynamic limit, we are able to conclude that there is indeed a resemblance between the QPT of the studied system and the highest values of its entropy of entanglement for a finite number of atoms. This conclusion suggests that there are more than one possible states the system can be in at zero temperature, hence its residual entropy must be different from zero. 
